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1 . INTRODUCTION 


During  the  last  few  years  considerable  interest  has  developed  in 
the  feasibility  of  designing  accelerators  capable  of  accelerating  pulsed 
high-current  electron  beams  to  tens  of  MeV.  Possible  applications  of 
such  devices  include  electron-beam  fusion,  collective  ion  accelerator 
injection,  and  deep  flash  radiography.  While  single-stage  diode  accel- 
erators exist  which  are  capable  of  handling  current  pulses  of  up  to  10 
amperes,  the  energy  limitation  of  these  single-stage  machines  is  on  the 
order  of  10  MeV.  The  AURORA  facility  at  the  Harry  Diamond  Laboratories, 
for  example,  was  designed  to  produce  a 120-ns,  1.6-MA  pulse  of  15-MeV 

electrons.^  To  get  to  higher  energy  the  beam  must  be  subjected  to  a 
succession  of  properly-phased  accelerating  fields.  Multi-gap  concepts 

2-5 

for  achieving  this  include  the  magnetic  linear  induction  accelerator, 
the  autoaccelerator, and  accelerators  based  on  iron-free  inductors^’^ 


Bernstein  and  I.  Smith,  "AURORA,  An  Eteatvon  Acaeterator,"  IEEE  Trans. 
Nual,  Sai.  NS-20,  No.  Z,  294-ZOO,  197Z. 

2 

R.  Avery,  u.  Bekrsing,  W.W.  Chupp,  A.  Fattens,  E.C.  Hartuig,  H.P.  Her- 
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NS-1 a.  No.  Z,  479-48Z,  1971. 

J 

N.C.  Christo filos,  R.E.  Hester,  W.A.S.  Lamb,  D.D.  Reagen,  V.A.  Sherwood, 
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Phys.  Rev.  Lett.  ^ 1107-1110,  197Z. 
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Autoaccelerator  - A Generator  for  Producing  a High  Energy  Intense  Rela- 
tivistic Electron  Beam  by  the  Autoaccelerator  Process,  " IEEE  Trans. 
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or  pulse  transmission  lines.  Pulse-line  accelerators  which  use  in- 

ternal switches  to  generate  the  accelerating  voltage  have  received 
little  attention,  at  least  in  this  country,  probably  because  of  the 
number  of  high-current,  high-voltage  switches  that  must  be  operated 

synchronously.  Recently,  however,  Pavlovskii  e 1.^^  have  describ  i a 
radial  pulse-line  accelerator  of  this  type  for  high  current  (100  kA) , 
in  which  they  claim  to  have  solved  the  switching  problems.  Furthermore, 
very  significant  advances  are  being  made  in  this  country  in  high-speed 

14 

simultaneous  switching  for  application  to  electron-beam  fusion.  It 
is  therefore  appropriate  to  reconsider  the  possibilities  for  accelerator 
design  based  on  energy  storage  in  pulse  transmission  lines.  In  this 
report  we  present  the  mathematical  details  of  an  analysis  of  internally- 
switched  pulse-line  accelerators  based  on  constant- impedance  lines.  It 
is  assumed  throughout  that  the  lines  and  switches  are  ideal  and  lossless. 

The  results  of  this  analysis  have  been  submitted  to  the  open  literature . 
Also  included  is  a discussion  of  how  a repetitive  voltage  waveform  pre- 
sent in  the  transmission- line  cavities  might  be  used  to  repeatedly  ac- 
celerate a current  pulse  which  is  recirculated  through  the  accelerator. 
Techniques  for  recirculating  high-current  beams  are  presently  being  in- 
vestigated at  NBS  with  a magnetic  induction  linear  accelerator.^^ 


2.  BASIC  PULSE  LINE  CONCEPTS 
2.1  The  Blumlein  Pulse  Line 


The  workhorse  of  most  single-stage  diode  accelerators  is  the  Blura- 
lein  pulse  line.  A simplified  diagram  of  a strip-line  version  of  such 
a line  is  shown  in  Figure  1.  Other  geometries  are  also  employed  - in 


^^E.C,  HartiHgj  '^Pulsed  Line  Acceleration  of  Electron  Rings,”  Proceed- 
ings of  Symposium  on  Electron  Ring  Accelerators,  Feb.  1968,  pp  44-64, 
UCRL  18103,  1968. 

11 

A.I.  Pavlovskii,  V.S.  Bosamykvn,  G.D.  Kuleshov,  A.I.  Gerasimov,  V.A. 
Tananakin,  and  A.P.  Klementev,  ^Multielement  Accelerators  Based  on 
Radial  Lines,”  Sov.  Phys.  Dokl.  20j  441-443,  1975. 

12  .... 

V.I.  Kazacha  and  I.V,  Kozhukhov,  ”Use  of  Radtal  Transmission  Lines  in 

Pulsed  Accelerators,”  Sov.  Phys.  Tech.  Phys.  21j  841-844,  1976. 

13 

D.  Eccleshall  and  J.K.  Temperley,  "Transfer  of  Energy  from  Charged 
Transmission  Lines  with  Applications  to  Pulsed  High-Current  Accelera- 
tors,” submitted  to  J.  Appl.  Phys. 

14 

K.R.  Prestwich  and  T.H.  Martin,  Sandia  Laboratories,  private  communi- 
cation. 

J.  Leiss  and  M.  Wilson,  Rational  Bureau  of  Standards , private  cormuni- 
cation. 


8 


o 


AURORA,  for  example,  coaxial  Blumleins  are  used.  The  main  feature  of 
the  Blumlein  line  is  that  the  full  charging  voltage  is  applied  to  a 
matched  load,  whereas  with  a simple  coaxial  line,  for  example,  only  half 
the  charging  voltage  appears  across  a matched  load.  The  principle  is 
easily  understood.  The  center  strip  in  the  diagram  of  Figure  1 is 
originally  charged  to  some  voltage  V,  and  no  voltage  appears  across 
the  output  end.  W^e  note  that  if  the  same  dielectric  material  is  used 
in  all  regions  of  the  line,  then  the  speed  of  an  electromagnetic  wave 
is  the  same  in  all  three  regions.  The  time  of  travel  per  unit  length, 

T,  is  just 


T = = (L2  = CL3  , (2.1) 


where  are  the  inductance  and  capacitance  per  unit  length  in  each 

of  the  three  regions.  If  the  switch  S is  closed  at  time  t = 0,  a volt- 
age step  of  amplitude  V will  travel  to  the  right  in  line  1.  At  t = T£.| 
it  arrives  at  the  discontinuity  and  is  partially  reflected  with  reflec- 
tion coefficient 


P = 


^3  - ^2  - ^1 

^3  ^ ^2  ^ h 


The  transmission  coefficient  is 


T = 1 + p = 


2Z2  . Zj 
Z2  ^ Z^ 


(2.2) 


(2.3) 


The  transmitted  voltage  divides  across  lines  2 and  3 according  to  the 
ratio  of  their  impedances.  Hence  at  time  t = Tt  + T(t  - t^)  a voltage 
step  ^ 


out 


Z3.  Z2 


2Z2  + 

h ^1 


(2.4) 


arrives  at  the  output  of  line  3.  If  a matched  load  of  impedance  Zj  Z2 

is  connected  across  the  output  this  voltage  will  be  developed  across  the 
load  and  no  reflections  occur  at  this  end.  The  voltage  step  reflected 
back  into  line  1 at  t = Tt^  has  magnitude 


V 


1 


Z2  . Z^ 


V, 


(2.5) 
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and  is  reflected  out-of-phase  from  the  shorted  end  of  line  1 at  t = 111,  . 
The  voltage  step  transmitted  into  line  2 at  t = is 


^2  ^ ^ 


(2.6) 


and  is  reflected  in-phase  from  the  open  end  of  line  2 at  t = 2Tl^  . At 

time  t = 3Tilj  both  these  steps  arrive  back  at  the  junction  with  line  3, 

and  each  is  partially  reflected  and  partially  transmitted.  The  voltage 
step  generated  at  t = 3TJlj^  and  traveling  to  the  left  in  line  1 is 


^1  ^ Z, 


( '^2''  \ . /i  * ^2 

• (^2  * h)  h*h\  h)  h * 


In  line  2 we  have 
Z 

V " 


‘1 


Z2  V 


^1  ^ ^2  ^1  ^ ^2 


^2^^1  - V 

(Zi  > Z^)^ 


V . 


(2.7) 


^2  /,  ^2  ^3  ■ ^1^ 

+ =• =—  1 + 


^2  ^ ^3 


^2  ^ ^3  ^ ^1. 


Z2  ^ Z^ 


^2  (^1  - ^2) 

(Zi  ^ Z^)' 


(2.8) 


The  voltage  step  in  the  output  line  generated  at  3Ttj  is 


^3  ^^2  - ^1 

^3  * ^2  ^2  ^1 


-Z, 


,^2  ^ ^1 


V - 


^3  * ^1 


2Z^  + Z2 

^Tvy- 


^2  ^ ^1 


-2Z, 


Z2  > Z^ 


(2.9) 


This  step  arrives  at  the  load  at  time  t = 3T)!.^  + T (t  - t^)  . Hence  the 

load  voltage  ik  constant  during  the  period  Tt  < t < Tt  + 2Tl  , so  that 
for  constant  voltage  output  the  useful  pulse  length  is  ZTJ...^  In  par- 
ticular, we  see  by  adding  all  steps  in  the  lines,  that  if  = Z^,  the 
voltage  goes  to  zero  in  lines  1 and  2 after  3Tt  and  drops  to  zero 
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To  see  that  in  this  situation  the 


across  the  load  at  t = TH  + 211^. 

total  energy  stored  in  the  line  is  delivered  to  the  load,  we  note  that 
the  stored  energy  is 


'st  ■ I h Cl  4 *1  Cj  v' 


(2.10) 


and  the  energy  delivered  to  the  load  is 

^load 


(2.11) 


Now,  = 1/Z^  and  C2  = T/Z2.  Defining  the  efficiency  e to  be  the  ratio 
of  the  energy  delivered  to  the  energy  stored,  we  have 


V^/CZ^  + Z2)  4Z^  Z2 

2 j = 2 


(2.12) 


= 1 when  Zj  = 1^. 


We  also  note  that  e is  close  to  unity  even  for  quite  dissimilar  lines 
(e.g.,  e = 89%  for  = 2).  While  multi-gap  transmission-line  accel- 

erators based  on  various  Blumlein  configurations  have  been  proposed , 
the  geometry  of  these  designs  is  extremely  cumbersome.  We  turn  now  to 
a different  type  of  transmission- line  accelerator. 

2.2  The  Radial  Pulse-Line  Accelerator 


Consider  a series  of  radial  pulse  lines  arranged  as  in  Figure  2a. 
With  the  switches  open,  the  center  electrodes  are  charged  to  a voltage 
V.  An  electron  beam  sent  down  the  accelerator  tube  will  be  alternately 
accelerated  and  decelerated  with  no  net  energy  gain,  as  shown  in  Figure 
2b.  Suppose  now  that  each  set  of  switches,  which  are  situated  around 
the  inner  circumference  of  the  cavity  structure,  is  closed  just  before 
the  electron  beam  reaches  that  gap,  A voltage  pulse  will  be  generated 
within  the  cavity,  but  until  this  pulse  has  traveled  to  the  open  gap 
the  electron  beam  will  see  only  accelerating  voltages  and  hence  will 
gain  energy  as  indicated  in  Figure  2c.  There  is  unfortunately  a basic 
objection  to  this  conceptually  simple  design.  The  impedance  of  the 
radial  pulse  line  varies  as  a function  of  the  radial  distance  from  the 
center.  Hence  any  waves  traveling  in  the  line  see  a time-varying 


1 6 

G.  Yonas,  T.H.  Martin^  and  K.R,  Presi^iah,  Sandia  [jaboratories^ , pri- 
vate apimuniaation. 
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(a) 


Figure  2,  (a)  Non-constant  impedance  radial  pulse  line 

accelerator,  (b)  Electron  energy  with  switches 
open,  (c)  Electron  energy  with  sequential  closing 
of  switches. 
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impedance  and,  in  particular,  the  interaction  of  a uniform  high-current 
beam  pulse  of  finite  duration  with  the  cavity  will  be  time-dependent  and 
the  net  accelerating  voltage  acting  on  the  beam  will  not  be  constant.  A 
constant  accelerating  voltage  could  perhaps  be  achieved  by  appropriate 
time-shaping  of  the  beam  pulse,  but  for  applications  in  which  both  con- 
stant current  and  constant  voltage  are  required  the  inhomogeneous  radial 
line  is  not  suitable. 

2 . 3 The  Pavlovskii  Accelerator 

The  accelerator  design  proposed  by  Pavlovskii  et  al.^^  is  shown  in 
Figure  3a.  The  principle  of  operation  is  the  same  as  in  the  radial 
pulse-line  acclerator  - the  alternately  accelerating  and  decelerating 
gaps  are  to  be  switched  in  phase  with  the  passage  of  the  beam  so  that  the 
beam  sees  only  accelerating  potentials.  The  important  innovation  here 
is  the  shape  of  the  cavities.  By  tapering  the  sides  so  that  the  lateral 
boundaries  are  conical  an  approach  to  a constant-impedance  cavity  is  ob- 
tained. In  fact  if  the  outer  boundary  is  made  spherical,  as  in  Figure 
3b,  rather  than  cylindrical,  one  arrives  at  a constant-impedance  spheri- 
cal reentrant  cavity  with  a disc  in  the  middle.  In  the  following  we 
treat  the  configuration  of  Figure  3a  as  being  made  up  of  constant- 
impedance  lines. 

We  take  the  impedance  of  regions  1 and  2 in  Figure  3a  to  be  Z.  For 
a first  approximation  we  assume  d,  R-r<<)l.  The  inner  conductor  is 
charged  to  a voltage  V in  the  absence  of  a beam;  no  net  voltage  appears 
across  the  gap.  When  the  center  electrode  is  shorted  to  the  cavity  side 
bv  closing  the  radial  switch  system,  S,  the  voltage  V appears  at  the  gap 
and  a voltage  pulse  is  generated  within  the  cavity.  After  a period  2TII 
this  pulse  appears  at  the  gap.  In  the  absence  of  a load  the  pulse  under- 
goes an  in-phase  reflection,  and  the  gap  voltage  changes  to  -V.  A period 
4TI!.  later  the  pulse  has  traveled  back  to  the  short  circuit,  reflected 
out-of-phase,  and  returned  to  the  gap  to  restore  the  voltage  again  to  V. 
The  open-circuit  voltage  is  now  a square  wave  alternating  between  -V  and 
V with  a half  period  of  Assuming  that  +V  is  the  appropriate  polar- 

ity for  acceleration,  a beam  pulse  of  current*  I sent  past  the  gap  dur- 
ing a constant-voltage  period  will  see  an  accelerating  voltage  V given 
by  ^ 

V = V - I Z , (2.13) 

g 

where  the  polarity  of  the  voltage  step  IZ  generated  by  the  beam  is  al- 
ways such  as  to  oppose  acceleration.  Defining  the  efficiency  as  in 
Section  2.1,  we  obtain 

^ 

We  assume  throughout  that  the  beam  pulse  consists  of  highly  relativis- 
tic electrons,  so  that  the  velocity  and  therefore  the  current  are  in- 
dependent of  particle  energy. 
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L IZ(V  - IZ) 


(2.14) 


2 

T^V 

where  L is  the  time  duration  of  the  pulse.  If  we  differentiate  this 
P 

with  respect  to  I and  set  the  derivative  equal  to  zero  we  obtain  the  con- 
dition for  maximum  efficiency: 


I 


(2.15) 


This  is  the  matched-load  case.  If  a matched- current  pulse  of  length 
Lp  = 271  is  sent  past  the  gap  during  the  period  O^t^ZTS,,  which  corres- 
ponds to  the  first  output  voltage  pulse,  the  accelerating  voltage  is 


(2.16) 


and  the  efficiency  of  energy  transfer  to  the  beam  is  50%.  This  can  be 
increased  to  100%  by  taking  = 4TJI  and  accelerating  the  beam  during  a 

later  voltage  pulse,  which  has  duration  4T)l.  The  accelerating  voltage 
is  again  half  of  the  charging  voltage.  This  can  be  increased  only  by  a 
deliberate  mis-match  of  the  beam  current  to  the  cavity  impedance,  with 
a consequent  decrease  in  the  efficiency. 

The  above  analysis  has  neglected  all  effects  on  the  voltage  pulse 
due  to  the  discontinuity  between  regions  1 and  2.  Possible  complications 
to  the  accelerating  waveforms  can  be  seen  by  considering  what  happens 
to  a step  voltage  as  it  transits  from  1 to  2,  for  example.  The  discon- 
tinuity can  be  described  by  introducing  an  equivalent  circuit  in  paral- 

17-19 

lei  with  the  lines  in  the  manner  described  by  Whinnery  and  others. 
However,  for  a design  such  that  the  major  time  constant  of  the  equival- 
ent circuit  is  less  than  2Td  an  approximate  analysis  based  on  principal 
modes  can  be  used.  In  this  approximation  a voltage  step  V in  line  1 
traveling  toward  the  outer  discontinuity  will  see  line  2 in  series  with 
a line  of  impedance  approximately  2Z  which  is  shorted  after  an  electri- 
cal length  Td.  We  will  call  this  line  3.  When  the  voltage  step  arrives 


Whinnexy  and  H.W.  Jamieson,  "Equivalent  Circuits  for  Discontinui- 
ties in.  Transmission  Lines,"  Proc.  IRE  3^  98-115,  1944. 

18 

J.R,  Whinnery,  H.W.  Jamieson,  and  T.E.  Robbins,  "Coaxial-Line  Discon- 
tinuities," Proc.  IRE  695-709,  1944. 

19  . . ...... 

J.R.  Whinnery  and  D.C.  Stinson,  "Radial  L%ne  Discontinuities,"  Proc. 

IRE  43,  46-51,  1955. 
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at  the  discontinuity  it  is  partially  reflected  with  P = y.  A step  of 

amplitude  j is  transmitted  into  line  2,  and  a step  of  amplitude  V is 

transmitted  into  line  3,  This  latter  step  is  reflected  out-of-phase  at 
the  shorted  end  and  arrives  back  at  the  junction  a time  2Td  later,  where 

it  is  totally  transmitted  into  lines  1 and  2 with  amplitude  y in  each 

line.  The  steps  in  lines  1 and  2 then  appear  as  shown  in  Figure  4a,  if 
the  initial  voltage  on  the  center  electrode  is  taken  to  be  negative. 

Thus  the  effect  of  the  discontinuity  on  the  step  transmitted  into  line 
2 is  essentially  a deterioration  of  the  risetime.  These  steps  can  now 
be  followed  through  their  subsequent  history  in  an  analogous  manner, 
taking  account  of  reflections  at  the  ends  of  lines  1 and  2 and  of  par- 
tial reflections  at  the  junction  with  line  3.  The  resulting  open-circuit 
waveform  at  the  output  end  of  line  2 is  shown  in  Figure  4b. 

We  see  from  the  above  analysis  that  periods  of  length  4Til  during 
which  the  open-circuit  output  voltage  is  constant  at  ±V  still  exist,  at 
least  in  this  approximate,  idealized  analysis,  even  when  the  discontinu- 
ity at  the  outer  end  of  the  line  is  taken  into  account.  However,  if  we 

now  try  to  achieve  100%  efficiency  by  accelerating  a pulse  with  I = ^ 

during  one  of  these  periods,  the  accelerating  voltage  will  be  further 
affected  by  the  discontinuity.  To  see  this,  we  note  that  the  arrival 
of  the  beam  front  at  the  gap  causes  a voltage  step  V-  to  be  sent  up  line 

D 

2.  Assume  for  purposes  of  argument  that  the  beam  front  arrives  at  the 
gap  at  t = 2T)l  + 2Td  which,  according  to  Figure  4b,  is  the  beginning  of 
a period  of  4TA  during  which  the  open-circuit  voltage  is  constant  at  V. 
For  the  matched- current  case  the  beam-generated  step  is 


V 


B 


V 

2 • 


C2.17) 


Hence  the  accelerating  voltage  is 


V 

g 


= V 


V y 
2 ~ 2 


(2.18) 


The  step  Vg  is  partially  reflected  at  the  junction  with  line  3 and  re- 
turns down  line  2 with 


(2.19) 
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Figure  4 
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(a)  Effect  of  coupling  region  on  steps  in  lines  1 
and  2,  fb)  Resulting  open-circuit  output  voltage. 
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This  step  arrives  back  at  the  output  at  t = 4Tt  + 2Td,  is  reflected  in- 
phase,  and  cancels  out  V^.  In  the  meantime  the  part  of  Vg  which  was 

transmitted  into  line  3 has  reflected  out-of-phase  at  the  shorted  end 
and  been  partially  transmitted  back  down  line  2.  It  arrives  at  the  out- 

V 

put  at  t = 4TS,  + 4Td  and  restores  the  accelerating  voltage  to  y.  Hence 

the  perturbation  on  the  accelerating  voltage  due  to  the  discontinuity 
at  the  outer  circumference  of  the  cavity  is  of  short  duration,  but  very 
severe . 

While  the  above  analysis  is  approximate  and  ideal,  it  strongly  sug- 
gests that  if  one  requires  a constant  accelerating  voltage  for  a con- 
stant beam  current  the  beam  pulse  length  should  be  restricted  to  2TI. 

As  has  already  been  pointed  out,  the  maximum  efficiency  possible  in  the 
Pavlovskii  accelerator  for  this  pulse  length  is  50°o.  We  turn  now  to  a 
detailed  analysis  of  a design  which  overcomes  this  drawback  and  also 
permits  accelerating  voltages  greater  than  one-half  the  charging  voltage. 


3.  THE  ASVWETRIC-LINE  ACCELERATOR 
3 . 1 The  Equivalent  Circuit 

Figure  5 shows  examples  of  general  line  configurations  in  which  re- 
gions 1 and  2 can  have  different  but  constant  characteristic  impedance. 
In  this  chapter,  in  which  we  treat  the  open-circuit  behavior  of  such 
lines,  we  will  ignore  complications  at  the  line  junction.  Arguments 
similar  to  those  in  Section  2.3  for  the  Pavlovskii  accelerator  indicate 
that  the  effect  of  the  coupling  region  on  the  open-circuit  output  volt- 
age will  be  a deterioration  in  the  pulse  risetime.  We  will  return  to 
this  later.  The  basic  accelerator  operation  is  the  same  as  before: 
the  center  electrode  is  originally  charged  to  V^,  and  at  t = 0 the 

switch  system  S shorts  this  electrode  to  the  side  of  the  cavity.  In 
the  approximation  that  d,  R-r,  c<<l,  the  equivalent  circuit  is  as  shown 
in  Figure  Sc.  For  the  line  of  Figure  2a  the  characteristic  impedance 
. 20 


‘1  = s-VF 


3 

tan  j 


13.1) 


and  similarly  for  Z2 . 


For  the  coaxial  line  of  Figure  5b  we  have' 

I 


'I  ' 2it\/|' 


tn  - , 
a ’ 


(3.2) 


I.A.D.  Lewts  and  F. K,  Veils,  "Millyniaroseaond  Pulse  Techniques," 
Perqamnn  Press,  New  Ynrk,  1959,  p 367. 
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Asymmetric  radial  line,  (b)  Asymmetric  coaxial  line 
Equivalent  circuit  for  asymmetric-line  cavities. 


and  similarly  for  Z^,  where  p,  e are  the  magnetic  permeability  and  per- 
mittivity of  the  cavity  medium.  Throughout  we  assume  that  all  regions 
of  the  cavity  contain  the  same  dielectric.  The  special  case  considered 
in  section  2.3  corresponds  to  Figure  5a  with  6 = 90°  and  y = tt  - a. 

We  will  analyze  the  equivalent  circuit  with  the  aid  of  Laplace 
transforms.  The  voltage  waveforms  at  various  points  in  the  equivalent 
circuit  are  designated  as  in  Figure  5c,  where  the  arrows  denote  the  di- 
rection of  travel  of  the  waves.  We  let  the  Laplace  transform  of  V be 
V and  let  the  Laplace  transform  variable  be  s . We  take  p to  be  the  re- 
flection coefficient  at  the  discontinuity  for  a wave  traveling  from  1 
to  2- 


p = (Z^  - Z^)/iZ^  * ZjJ  . (3.3) 

The  equivalent  circuit  generators  set  up  the  initial  conditions,  i.e., 
the  generator  in  line  1 generates  a voltage  step  -Vq  at  t = U and  the  gen- 
erator in  line  2 applies  a voltage  across  the  (open-circuit)  output 

at  t = 0.  We  assume  ideal  switches  so  that  the  voltage  waveforms  are 
step  functions  and 


F. 


^ V 
s 0 


(3.4) 


The  transformed  output  voltage  is  given  by 


V = E + V2 


(3.5) 


where 


We  have 


(3.6) 


(3.7) 


Noting  that  the  reflection  coefficient  for  a wave  traveling  from  2 to  1 
is  just  -p,  and  that  the  transmission  coefficient  is  one  plus  the  reflec- 
tion coefficient,  we  can  write 
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Vi,  = p . (1  - P)  (3.8) 

and 


V2,  - -P  Vj,  . (I  ♦ P)  v„  . C3.9) 

Furthermore,  since  the  time  for  a wave  to  travel  a line  of  length  I is 
TJl,  we  have 


''u  = ('^i  - * 


V = V e^"^^ 
'^U  ''1  ® 


(3.10) 

(3.11) 


^^2  ' "^21  ® 


-sTS- 


^^2  " ^21  ® 


From  (3.7),  (3.10),  and  (3.11)  we  get 


sn 


(3.12) 

(3.13) 


V + V = -E  e"^^*" 

''u  ''u  ® ® 


(3.14) 


From  (3.8),  (3.9)  we  obtain 


■ UF  l-  ''2«  * ''2.1  • 


u 


1+p  ^21  ■*■  ^^29)  ' 


(3.15) 

(3.16) 


Substituting  (3.15)  and  (3.16)  into  (3.14)  gives 

^ , -2sTJl.,  jr  -2sTAx  ry  \ F "STA 

^21  ® ^ ^21  P®  ) = - (1  + p)  E e . (3.17) 


Using  (3.12)  and  (3.13)  in  (3.17)  we  obtain 
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(3.18) 


77  -sTJl  , -2sTJ!,,  77  ,,  -2sTJl.  ,,  . ^ -sT«. 

e (p  + e ) ■*  '^2  Cl  P®  ) = -(1  + p)  E e 


From  (3.7)  and  (3.18),  then 


^^2  = 


, •=•  -2sT!l 

-2  (1  •*•  p)  E e 

, -4sTJl  T -2sTJl 
1 + e + 2pe 


(3.19) 


Using  (3.4),  (3.5),  and  (3.19)  we  obtain  for  the  transformed  output  volt- 
age 


-2sTJl 


- ^0 

V = -7  - 2Vo  (1  - P)  ^ 


1 


, -4sTJl  -2sTJl 

1 + e + 2p  e 


(3.20) 


3 . 2 The  Open-Circuit  Output  Voltage 

To  obtain  the  inverse  transform  we  rewrite  (3.20)  in  the  form 


TT  '^0  ,,  ,,  , -2sTJl  r 

V = Vq  (1  . p)  e — TliTT 


1 


l_se  (cosh  2sTX, 
The  poles  of  the  second  term  in  (3.21)  are 


+ P}] 


(3.21) 


Sp  = 0.  ± ^ C2mT  + e)  , n = 


..,  -2,  -1,  0,  1,  2,  ...,  (3.22) 


where*  0 = arccos  (-p).  These  poles  are  all  distinct.  Setting  Z)(s)  = 
-2sTJl 

se  (cosh  2sTS.  + p),  we  obtain  for  the  derivative 

Z)'(s)  = (cosh  2sT<1  + p)  - (cosh  2sTJl  + p) 


- 2sT5 

+ 2sTJ!,  e sinh  2sT«,  . 


(3.23) 


Evaluating  (3.23)  at  the  poles  gives 
D'  (0)  = 1 + p 

D'  |^+  (2mr  + 0)  j = - (2mT  + 0)  sin  0 [cos 


Wc  usp.  the  notation  anoaos  x to  mean  the  pvinoipal 


0 + i sin  0]  . 
value  of  QOS  ^ x. 
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Hence  the  inverse  transform  of  (3.21)  is 


;o2l 


i(2nn^0)(^^) 


,1  ^ A*  -yrr^Q  J 

V - u(t)  -V^  (l.p)  u(t-2Tt)  . I ...  ^ 

n— 


-i(2nir+e)  (^^) 


- (2n7r  + 9)  sin  0[cos  0 + i sin  6] 


Vq  u (t)  - Vq  u (t  - 2n)  X 


X {l+(l+p)  [2  I 


rnnCt-2TJ!,)  . 0(t-2T)l)-, 

cos  0 cos  [ ^ 4 


2TII 


n=-<x> 


-(2mi+0)  sin  9 


“>  - sin 

2 I 


n=-oo 


0 sin  [niSlzim. . gct.-mj., 
^ 2Tt  2Tt 

-(2mT+0)  sin  0 


J } . 


where  the  unit  step  function  is  defined  by 

0 , t < 0 


u (t)  = 


1 , t > 0 


(3.24) 


(3.25) 


Noting  that  cos  0 = -p,  sin  0 = 2 , we  can  rewrite  (3.24)  in  the 

form 


V = Vq  u (t)  - Vq  u (t  - 211)  X 


1 + 2 


1-p 


(t-2n) 

2Tt 


n=- 


.mT(t-2Tt)  9(t-2tt), 

^ TIL  Tfi  ^ 

mr(t-2Tt)  9(t-2Tt) 


Tt 


2TII 


57 


,.mr(t-2Til)  9(t-2Tli,),-]  ) 

T (t-2n)  y sin  ^ n ^ 2Til  M I .(3.26) 
^vi  - P h7(-t-2TT) — 0(V-2fty  ■■  1 

Tl  * ~2Tt 


R.V.  Churohitl,  '*Modem  Operational  Mathematias  in  Engineering^"  MaGrau- 
Hill  Book  Co.,  Ina.,  New  York  and  London,  2944,  p.  170. 
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22 

The  summations  in  (3.26)  can  be  evaluated  explicitly  to  give 


V = Vq  u(t)  - Vp  u (t  - 2Tt)  X 


j-Vs  [■ 


cos(2k+l)j  I — sin(2k+l)-2 


. 0 
Sin  ^ 


+ \1-P 


. 0 
Sin  -j 


, 2kTX,<t 


-2TJl<2(k+l)TJl  . (3.27) 


We  now  define  x = arccos  p,  so  that  x = tt-  0,  and  substitute  into 
(3.27)  to  obtain 


V = Vq  u (t)  - Vq  u(t-2TJl) 


X 1 + 


(-l)*^  sin  (2k+l)j  (-1)^  cos  (2k+l)J 

cos  X + sin  X 


„ X 

cos  J 


X 

cos  2 


Vq  u (t)  - u (t  - 2Tt) 


1 + (-1) 


We  now  define 


sin(2k+3)^ 


X 

sin  j 


, 2(k+l)TJl<t<2(k+2)T«, 


(3.28) 


= V(t)  , 2mTil<t<2(ra+l)T£ 


and  obtain  from  (3.28) 


= V, 


sin  (2ra+l)y 

V = - Vg(-1)"’‘^  . mil  . 


sin  -j 


which  is  the  same  as 


12 


V,  Mangulia,  "Handbook  of  Series  for  Scientists  and  Engineers , " 
Ao(ndemio  Press  Ino.,  Hew  York  196 S,  p.  102. 
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, in>0. 


(3.29) 


= (-1)"'  V, 


sin(2in+l)y 


X 

sin  -j 


Expression  (3.29)  is  our  final  expression  for  the  open-circuit  output 
voltage.  An  alternate  derivation,  which  is  somewhat  longer  but  perhaps 
retains  more  physical  insight,  is  given  in  the  Appendix. 


We  see  from  the  form  of  (3.29)  that,  if  the  impedances  in  the  asy- 
mmetric line  are  chosen  so  that  x is  a rational  multiple  of  tt,  then  the 
open-circuit  output  voltage  will  be  repetitive.  To  determine  the  period 
of  this  repetition,  we  note  that  a given  sequence  of  voltage  pulses  will 
repeat  after  some  number  k of  intervals  of  2TJI  if  there  exists  a value 

of  k such  that  for  all  m,  that  is,  if 


Put  X 
have 


, ..m+k  ,2m+2k+l.  ■,^m  ,2m+l. 

(-1)  sin  ( 2 ) X = (-1)  sin  (-^ — ) x . 

where  p and  q are  integers  with  no  common  factors. 


Then  we 


. ..m+k  ,2m+2k+l.  p 

(-1)  sin  ( 2 ^ q 

, ...m+k  , . 2m+l  p kp  2m+l  p . kp  , 

2q  q 2q  q'* 

If  ^ is  an  integer,  the  second  terra  in  the  above  expression  vanishes. 
The  smallest  value  of  k for  which  this  occurs  is  k = q.  If  p and  q = k 
arc  both  odd,  the  first  term  is  (-1)™  sin  ^ if.  and  . 

If  either  p or  q = k is  even,  the  first  term  is  -(-1)™  sin  E-  tt.  In 

^ q 

this  latter  case  the  smallest  value  of  k for  which  the  pattern  repeats 
is  k = 2q.  Therefore  the  voltage  patterns  repeat  after  q intervals  of 

2Tl  if  X = ^ TT  where  p and  q are  both  odd,  and  after  2q  intervals  if 

X = E.  TT  and  either  p or  q is  even, 
q r n 

It  is  also  easy  to  show  that  these  repetitive  voltage  patterns  con- 
tain intervals  of  4TJ!,  for  which  the  open-circuit  output  voltage  remains 
constant.  For  this  to  be  true  we  must  have 


v(k-l)  , v(k) 
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or 


, ,.k-l  . f2k-l,  , ,,k  . f2k  + K 

(-1)  sin  — ) X = (-1)  sin  — ) X 

for  some  value  of  k>0.  Taking  x = E-  it  and  letting  n be  any  positive 
integer,  we  observe  that 

^_l^nq  1 ^ cos  npTT  sin  ^ 

and 


(-1)"*^  sin  ^ ^ = (-1)"*^  cos  npn  sin  ^ j . 

Therefore  the  open-circuit  voltage  remains  constant  for  all  intervals  of 
4T?.  given  by  (nq-1)  2T)l<t<  (nq+1)  2Til . Furthermore 


= (-1)"^  V, 


sin  (— ^ TT 

sin  2.  i 

q 2 


(-l)"*^  Vq  cos  npir  = (-1)"^P'^^^  . 


That  is,  the  open-circuit  voltage  during  the  double-length  intervals  is 
± Vq.  If  p and  q are  both  odd  the  voltage  is  + V^.  If  either  p or  q 

is  even  the  voltage  alternates  between  + and  - in  successive 

double-length  intervals.  Indeed,  in  this  latter  case  we  have  in  general 


,(Jii+q) 


,.2m+l 

sin  (-= — + 


P IT 

Sin  — ^ 

q 2 


(-i)™'"^  y, 


cos  pTT  Sin 


2ra+l  p 

~q 


= -V 


(m) 


Ett 

q 2 
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The  idealized  Pavlovskii  line  treated  in  Section  2.3  can  serve  as  a sim- 
ple illustration  of  these  general  results.  For  this  case  we  have  p = 0, 

X = ^ TT  = ^ IT.  The  voltage  pattern  repeats  every  2q=4  intervals  of  2Ti!.. 


During  the  last  2 intervals  of  each  half-period  (which  in  this  case  con- 
stitutes the  total  half-period)  the  voltage  is  constant,  alternating 
between  + and  - in  successive  half-periods.  The  open-circuit  vol- 


tage patterns  for  this  case  and  for  the  simple  asymmetric  line  cases 
P = -j,  X = ^ and  p = - y,  X = ^ are  shown  in  Figure  6. 


To  summarize  the  results  on  the  open-circuit  line  pair,  then,  we 
have  shown  that  the  output  voltage  is 


(-1)™  V, 


sin 


.2m-t-l 
'•  2 


■)  X 


sin 


X 

2 


X = arccos  p 


(3.29) 


If  X = 2-  TT, 

q 


p and  q integers  with  no  common  factors,  the  voltage  is  a 


repetitive  pattern  with  period  2qT)l  if  p and  q are  both  odd  and  period 
4qTX.  if  either  p or  q is  even.  For  the  repeating  patterns  the  voltage 
remains  constant  for  intervals  of  4T1!.  given  by  (nq  - l)2Tll<t<(nq  + l)2TJl, 
and  is  equal  to  + if  p and  q are  both  odd.  If  either  p or  q is  even 

it  alternates  between  + V„  and  - V-  in  successive  half-periods.  In  this 

latter  case  we  have  . 


4.  ENERGY  TRANSFER  TO  THE  LOAD 
4 . 1 Maxim\mi  Efficiency 

’n  the  principal  mode  approximation  considered  in  Section  3 an 
axiall_,  symmetric  constant-current  beam  of  short  duration  (<^2TJl)  will 
couple  resistively  to  the  line  of  impedance  Z-  through  image  currents 

13  ^ 

in  the  conducting  walls  of  the  structure.  If  the  beam. pulse  is  timed 
so  that  it  passes  the  line  opening  during  the  interval  2mT)l<t<2(m+l)TJl, 
the  net  accelerating  voltage  at  the  gap,  V , is 


Vg  = - I Z2  , (4.1) 

where  I is  the  beam  current,  equal  in  magnitude  to  the  current  induced 
in  the  walls.  We  have  implicitly  assiimed  the  convention  that  and 
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Figure  6.  Open-circuit  output  voltage  for  several  li 
pairs.  (a)  Z.  = Z, . (b)  Z.  = 3Z, . (c)  Z 


I have  the  same  sign  for  the  case  of  acceleration.  If  the  length  of 
the  beam  pulse  is  2TZ,  the  energy  gained  by  the  beam  at  the  gap  is 


E = 2TZ  V I . (4.2) 

g g 

We  define  the  efficiency,  as  in  Section  2,  to  be  the  ratio  of  the  energy 
transferred  to  the  beam  to  the  energy  initially  stored  in  the  lines. 

The  stored  energy  is  given  by 


^ = I ^ ^ I ^ ^2  V 


Recalling  that  = /L^/Cj  , . ai^d  T = /L^C j 

obtain 


4 Z^  Z^ 


V f^l  ^ ^2^ 


- I z^)  r 


(4.3) 

(4.4) 


For  a fixed  external  charging  potential,  V^,  and  taking  Zj  constant, 

(4.4)  can  be  differentiated  to  obtain  the  conditions  for  optimizing  the 

efficiency.  We  label  these  conditions  by  e,  \ I,  etc.  Differentiat- 
ing with  respect  to  I and  setting  the  derivative  equal  to  zero  yields 


I 


(4.5) 


which  is  the  generalization  of  the  result  we  obtained  for  the  Pavlovskii 
accelerator.  Differentiating  with  respect  to  (or,  equivalently,  with 

respect  to  p)  and  substituting  (4.5)  then  yields  an  expression  for  Z^. 

It  is  somewhat  less  laborious,  however,  simply  to  note  that  the  largest 
value  the  efficiency  can  possibly  have  is  1.  For  m = 0 this  requires 
Z2  = 0,  a physically  unrealizable  case.  In  the  following  we  take  m>0. 

If  we  substitute  (4.5)  into  (4.4)  and  set  £ = 1,  the  solutions  (if  any) 
will  clearly  yield  the  conditions  for  maximum  efficiency.  Making  the 
substitutions  gives 
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.(m)  . *(111) 


e = ^2  (V("»  - K-  Z,) 


y(in)2  Zj  y(ra)2 

— ^ = — 

''0  "1  * ^2  V 


2Z, 


2 Z, 


(1  - P) 


(4.6) 


Putting  e = 1 then  yields 

;(»)  . i Vj 

We  now  use  (3.29)  in  (4.7)  to  get 


((^) 


1/2 


(4.7) 


. ,2in+l  ' 
sin  ( — ^)x 

(.„■  ^ 


X 

Sin  j 


/ 7 1/2  V- 

± .\  = ± 

\1  - cos  X / .X 

' ' sin  ^ 


, , . m ,2sa+ 1 , ” . , 

(-1)  sin  (-j — ) X = ± 1. 


Therefore 


X 


UlL 

2m+l 


ir 


= 0,  1 , ....  m-1  ; m>0. 


(4.8) 


Hence  we  see  that  for  m>0  it  is  always  possible  to  choose  an  impedance 
ratio  such  that  all  the  energy  stored  in  the  lines  will  be  transferred  to 
a matched- current  pulse  of  length  2TJ!.  during  the  period  2mTS,<t<2(ra+l)T{, . 
In  fact,  there  are  m different  ways  in  which  this  impedance  ratio  may 

be  chosen.  We  note  in  passing  that  the  values  of  x are  the  same  as  those 
which  result  in  an  open-circuit  output  voltage  pattern  which  repeats 
with  period  (2m+l)2Tt.  The  beam  may  therefore  in  principle  be  timed  to 
pass  the  accelerating  gap  during  any  period  of  211  beginning  at 
[m+n(2m+l)]2Tt,  where  n is  zero  or  a positive  integer.  We  further  note 
that  using  (4.7)  in  (4.1)  gives 


= jZii 


(4.9) 
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That  is,  the  accelerating  voltage  in  the  maximum-efficiency  case  is  al- 
ways greater  than  the  accelerating  voltage  in  the  Pavlovskii  accelerator. 

The  conditions  which  maximize  the  efficiency  are  shown  in  Table  I 

^ 1 

for  m = 1,  2,  and  3.  We  see  that  for  the  m = 1 case,  with  p = y , the 

system  operation  is  similar  to  a symmetric  Blumlein  line  in  transferring 
all  stored  energy  to  a matched  load  at  a voltage  across  the  load  of  V^. 

For  other  values  of  m and  p , accelerating  voltages  in  excess  of  can 

be  achieved  while  still  maintaining  e = 1.  The  impedance  ratios  required 
in  these  cases  are  large,  however,  and  such  configurations  might  be  very 
difficult  to  achieve  in  practice. 

We  remind  the  reader  at  this  point  that  the  effect  on  the  output 
voltage  of  the  coupling  region  between  the  two  lines  has  been  neglected 
in  our  analysis.  The  effects  of  the  coupling  region  can  best  be  deter- 
mined experimentally  or  through  computer  analysis  of  the  equivalent 

17- 19 

circuit  using  lumped  circuit  elements  to  simulate  the  coupling 

region.  To  gain  a qualitative  understanding,  however,  we  can  approxi- 
mate the  coupling  region  as  a shorted  transmission  line  of  impedance 

and  electrical  length  Td,  and  trace  a voltage  step  through  the 

system  as  we  did  in  Section  2.3  for  the  symmetric  lines.  The  results 

of  this  analysis  for  x = J and  x = ^ tt  are  shown  in  Figure  7,  where  we 

compare  the  open-circuit  output  voltage  obtained  for  d = O.OSt  with 
that  obtained  when  the  coupling  region  is  completely  neglected  (d=0) . 

We  see  that  additional  short  pulses  arising  from  reflections  in  the 
coupling  region  are  superimposed  on  the  waveform  at  intervals  of  2TI. 
Except  for  the  double-length  pulses,  where  small  pulses  occur  at  the 
raid-point,  the  net  effect  is  that  the  rise-  or  fall-time  of  the  wave- 
form at  t = 2raT4  is  2mTd  instead  of  zero.  We  therefore  expect  that  in 
a real  cavity  the  effect  of  the  coupling  region  will  be  to  cause  rise- 
time deterioration  which  will  become  increasingly  severe  in  successive 
periods  of  2Ti.  The  constant-voltage  pulses  will  therefore  be  shorter 
than  2Tt,  and  the  length  of  the  beam  pulse  to  be  accelerated  must  be 
shortened  accordingly.  The  efficiency  will  be  correspondingly  reduced. 

4 . 2 The  Double-Length  Pulse 

In  our  initial  discussion  of  the  Pavlovskii  accelerator  in  Section 

2.3  we  showed  that,  neglecting  perturbations  caused  by  the  discontinu- 
ity at  the  outer  circumference  of  the  line,  100%  efficiency  for  energy 
transfer  from  the  cavity  to  the  beam  can  be  achieved  by  accelerating  a 
pulse  of  length  4T»  during  an  interval  of  that  length  for  which  the  open- 
circuit  voltage  is  constant.  In  Section  3.2  we  showed  that  there  are 
also  asymmetric  line  configurations  in  which  the  voltage  remains  con- 
stant for  an  interval  of  4TJI.  In  Section  4.1  we  showed  that  some  of 
these  configurations  (namely,  those  in  which  the  open-circuit  voltage 
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TS,  6U  8 


d =0.05Z 


^ d =0.05Jl 

Figure  7.  Effect  of  coupling  region  on  open-circuit  output  voltage, 
(a)  X = it/ 3,  coupling  region  neglected,  (b)  x = it/ 3, 
coupling  region  approximated  by  transmission  line  of 
length  d = 0.05  Jl.  (c)  x = Stt/?,  coupling  region  neg- 
lected. (d)  X = Stt/?,  coupling  region  approximated  by 
transmission  line  of  length  d = 0.05  fc. 


is  always  + during  the  interval  4Ti^  for  which  the  voltage  is  constant) 

correspond  to  100%  efficiency  for  energy  transfer  to  a properly-matched, 
appropriately-phased  beam  pulse  of  length  2TJI.  It  is  of  some  interest 
to  ask  what  happens  if  an  accelerator  designed  for  e = 1 in  the  case  of 
a pulse  of  length  2TJI  is  used  to  accelerate  a constant -current  pulse  of 
length  4Til  during  one  of  the  double-length  voltage  intervals. 


Since  we  are  interested  in  a total  time  of  length  4T)l,  it  is  easi- 
est to  analyze  the  situation  by  following  the  reflections  and  transmis- 
sions of  voltage  steps  in  the  lines.  As  in  our  initial  analysis  of  the 
Pavlovskii  accelerator,  we  will  neglect  the  complications  caused  by  the 
region  where  the  lines  are  coupled  together.  We  denote  by  V ^ the 


accelerating  voltage  during  the  first  half  of  the  beam  pulse  and  by  V 
the  accelerating  voltage  during  the  second  half.  We  know  that 


g2 

he  open- 


circuit  voltage  is  V^.  When  the  front  of  the  beam  pulse  passes  the  gap, 


4 


a voltage  step  - IZ2  is  sent  up  line  2.  As  before,  we  use  a caret  to 

designate  parameters  corresponding  to  a design  which  gives  unit  effi- 
ciency for  a pulse  of  length  2TS,.  We  therefore  have 


(4.10) 


A time  TJl  later  this  step  reaches  the  line  junction  and  is  reflected 
with  reflection  coefficient 


P ' 


(4.11) 


At  time  2Tl  the  reflected  step  arrives  back  at  the  output  end  and  is 
reflected  in-phase,  changing  the  accelerating  voltage  to 


V , = - iL  + 2pIZ-  . (4.12) 

g2  0 2 2 

We  see  that  unless  1 is  negligibly  small,  which  is  not  a case  of  inter- 
est. the  accelerating  voltage  is  not  constant  for  the  duration  of  the 
pulse,  but  rather  changes  abruptly  at  the  midpoint. 

While  for  most  applications  this  is  not  acceptable,  we  will  for  the 
sake  of  completeness  note  some  efficiency  formulas  for  this  case.  We 
have 

A 

c = I (Vgl  * ■ (4-13) 

V(Zi  ^ 
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If  we  take 


which  is  optimum  for  the  case  of  pulse  length  111,  we  obtain 


C4.14] 


e = (1  + p)  = (1  - p)  (1  + p)  = 1 - p ^ . (4.15) 

^1  ^ ^2 

For  this  situation  the  efficiency  is  less  than  1.  It  is  possible,  how- 
ever, to  choose  an  I such  that  e = 1.  We  demand 


* ^2) 


I [2(Vq  - IZ2)  + 2PIZ2]  = 1 


(4.16) 


Solving  (4.16)  for  I we  obtain 


I 


2Z2  (1 


The  accelerating  voltages  for  this  case  are 


1 - 2p 
1 - p 


4 .3  Maximum  Energy  Transfer 


(4.17) 


(4.18) 


Although  it  seems  paradoxical  at  first,  it  is  possible  to  transfer 
more  total  energy  to  a pulse  of  length  211  than  is  transferred  in  an 
accelerator  designed  for  e = 1,  while  still  keeping  the  same  charging 
voltage  Vq.  The  penalty  for  doing  this  is  that  even  more  energy  must  be 

stored  than  is  transferred  to  the  pulse,  so  that  e < 1.  To  determine 
the  conditions  for  maximum  energy  transfer  to  the  beam,  which  we  denote 

I,  etc.,  we  use  the  expression  (4.2): 


E *=  2T«.  V I . (4.2) 

g g 
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Writing  this  in  terms  of  and  p,  we  obtain 


g 


2ji  I (p)  - IZj  ] 


(4.19) 


Taking  the  derivative  with  respect  to  I and  setting  equal  to  zero  gives 

(4.20) 


I 


y(m) 


2Z, 


in  analogy  to  the  case  for  maximum  efficiency.  Unlike  the  maximum  effi- 
ciency treatment,  however,  there  is  no  way  to  derive  general  expres- 
sions which  completely  determine  the  optimum  conditions  without  taking 

3E 

the  derivative  with  respect  to  p (or  Z^) . Setting  = 0 yields 


(P) 

5p 


'2' 
21  Z, 


= 0. 


(4.21) 


(1  - P)' 

Substituting  (4.18)  into  (4.19)  we  obtain 

(1  . »)(!-»') 


= v^'"^(p) 


(4.22) 


P = P 


as  the  equation  which  specifies  p.  Referring  to  (3.29),  we  see  that 
(4.22)  is  a trigonometric  equation  in  x = arccos  p,  which  roust  in  general 
be  solved  numerically.  For  ra-1,  however,  we  have 


= 


sin 


3x 

T 


sin  j 


sin  X cos 


X 

2 


+ cos  X sin 


X 

2 


sin 


X 

2 


Vg  [2  (i^^^)  + cos  X] 


Vg  (l+2p) 


The  solutions  of  (4.22)  in  this  case  are 
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~ - 1 ± /3 

P = 2 * 

and  only  the  plus  sign  is  physically  meaningful. 

It  is  shown  in  the  Appendix  that  can  always  be  written  as  a 

polynomial  of  degree  m in  p . Hence  (,4.22')  is  a polynomial  of  degree  m+1 
in  p . The  complete  set  of  conditions  for  maximum  energy  transfer  for 
m=l,  2,  and  3 are  shown  in  Table  I.  Note  that  in  each  case  there  are 
only  m physically  meaningful  roots  of  C4.22).  We  see  that  in  each  case 

V V 

|l|  < |l|  and  j ^ I > 1^1  . The  maximum  energy  transfer  is  therefore 
'^0  '^0 

achieved  by  accelerating  a larger  current  and  not  by  increasing  the  ' 

energy  gain  per  particle  per  gap. 


5.  THE  RECIRCULATING  ACCELERATOR 
5 . I Time-Dependent  Voltage  Generated  By  a Beam  Pulse 

The  recirculating  accelerator  is  based  on  the  idea  that  a beam 
pulse  can  be  accelerated  to  a higher  energy  by  repeatedly  circulating 
the  beam  pulse  through  an  accelerator.  For  example,  in  a single-gap 
accelerator,  if  the  output  voltage  exists  across  the  gap  for  a period 
several  times  as  long  as  the  time  required  for  one  recirculation,  the 
pulse  will  be  accelerated  on  each  passage.  For  the  transmission  line 
accelerators  we  have  been  discussing  the  desired  accelerating  voltage 
exists  only  for  a period  2Tf,  which  might  typically  be  on  the  order  of 
10  nanoseconds  for  reasonably-sized  cavities.  To  circulate  the  pulse 
several  times  through  the  accelerator  in  this  time  frame  is  not  possible, 
and  it  would  be  difficult  to  recharge  and  switch  the  cavities  between 
beam  passes.  The  repeating  voltage  patterns  derived  in  Section  3.5, 
however,  offer  the  interesting  possibility  that  the  cavities  could  be 
charged  up  once,  and  the  beam  recirculation  timed  so  that  the  pulse  ar- 
rives back  at  the  cavity  when  the  open-circuit  output  voltage  repeats. 

The  derivation  of  the  repeating  waveforms  assumed  lossless  lines  and 
there  will  in  practice  be  an  attenuation  of  the  voltage  amplitude  as 
well  as  progressively  shorter  periods  of  constant  acceleration  voltage 
(Section  4.1)  available  for  each  successive  pass  through  the  gap.  Ex- 
periments* on  line-pair  systems  using  high-quality  coaxial  lines,  how- 
ever, have  yielded  results  which  encourage  us  to  pursue  the  concept  fur- 
ther analytically.  Of  course,  the  current  must  be  less  than  I,  or  else 
all  the  stored  energy  will  be  transferred  to  the  beam  on  the  first  pass. 
We  shall  see  that  with  proper  choice  of  parameters  it  is  theoretically 
possible  to  achieve  e = 1. 


ExperimentB  performed  by  C.E,  Hollandsworth,  BRL, 
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To  analyze  this  case  we  require  a general  expression  for  the  time- 
dependent  voltage  generated  in  the  cavity  structure  by  the  passage  of  a 
beam  pulse.  We  have  encountered  this  problem  before,  in  Section  2,3  and 
4.2,  but  there  we  were  interested  in  times  so  short  that  it  was  possible 
simply  to  follow  the  reflected  voltage  steps  and  determine  their  influ- 
ence on  the  output  voltage.  To  derive  the  general  expression  applicable 
to  a recirculating  pulse  we  will  proceed  with  a Laplace  transform  analy- 
sis. 


The  idealized  transmission  line  configuration  is  shown  in  Figure 
8a,  where  we  are  now  concerned  with  the  time  behavior  of  a voltage  step 
generated  at  the  output  end  of  line  2,  with  line  1 shorted  as  shown.  As 
in  our  earlier  analysis  we  neglect  the  effect  of  the  intermediate  region 
which  in  the  real  configuration  serves  to  couple  the  lines  together. 
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The  input  impedance  looking  back  into  the  lines  is 


Z. 

in 


^2- 


-ZsTt. 
1 * e 2 


1 - e 2 


(5.1) 


where  is  the  reflection  coefficient  at  the  line  junction  looking  back 
from  the  open  end. 


- ^2 
~ Z + Z, 


(5.2) 


2 

and  I is  the  input  impedance  looking  into  line  1 from  the  line  junction 


1 - e'^^^^1 

" ^1  -2sft,  " ^1  ^^*'1  • 

1 + e 1 

Using  (5.2)  and  (5,3)  in  (5.1)  yields,  after  some  algebra, 

Z^  tanh  sTJl,  + Z_  tanh  sTX-_ 

7 =7  ^ . y ^ 

in  ” ^2  Zj  tanh  sTH^  tanh  sTj,2  * ^2 


(5.3) 


(5.4) 


Since  in  the  cases  of  interest  the  two  lines  are  of  the  same  length,  we 
now  put  = I . Then  in  terms  of  the  reflection  coefficient 

Z.  - Z, 


form 


^2  ^ ^1 


used  in  our  earlier  analysis  we  can  obtain  (5.4)  in  the 
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I.A.D.  Lewie  and  F.H.  Veils,  "Mtllimicroseoond  Fulee  Techniques," 
Pergamon  Press,  New  York,  1959,  p.  35, 
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z.  = 

in 


Z2  (1  - 


(5.5) 


We  assume  that  the  current  is  a square  pulse,  as  shown  in  Figure  8b: 


I = Iq  [u(t)  - u(t  - 2TI)]  . 


(5.6) 


so  that  the  transform  is 


T = I, 


-2sTt' 


(5.7) 


Hence  for  the  transformed  voltage  we  obtain 


V ^ i (1  - e 


4sTi!,) 


-ZsTt 


(1  - e 


-4sTil) 


Z),I„  s , ^ -ZsTJl  -4sTJl  s , , -ZsTX.  -4sTJ, 

20  1 + 2pe  + e 1 + ^pe  + e 


sinh  2sTC. 


s(cQsh  2sTJl  + p) 


-2sTil  _ sinh  2sTJl 
® s(cdsh  2sTi!.  + p) 


(5.8) 


5.2  The  Inverse  Transform 


We  introduce  the  notation 


sinh  2sT)l 


1 s(cosh  2sT)l  + p) 


(5.9) 


Then  from  (5.8)  we  have 


~ = {v^  - Vjl 


'2‘0 


Vj  (t)  - Vj  (t-2Tt) 


(5.10) 


The  poles  of  are 

s = ± (2mT  + 0)  , n = . . . -2  , -1  , 0 , 1 , 2 , . . . 
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where  0 = arccos  (-p),  and  ^hese  are  all  distinct.  Evaluating  the 
tive  of  the  denominator  of  at  the  poles  gives 


D*  {s  ')  = - (2mr  + 0)  Vl-P^  . 


2l 

so  that  the  inverse  transform  is 


Vj  (t)  = r 


n=-®  -(2niT  + 0)  •'j  p2 

I - i 

n=-“>  -(2nir  + 0)  i/l  2 

1-p 


2t 

2Tt 


“>  rmrt  0t  , 

I ^Tll  2Ti^ 

n=-“>  nirt  0t 
TJl  2Tl 


From  Reference  22  we  then  have 

0 

Vj  (t)  = ^^2  . 2m<t<2(k+l)Ti!,  . 


0 

sin  2 


Similarly,  for  (t  - 2Jl)  we  obtain 


V;^(t  - 211)  = 2 u(t-2TJl) 


Y sin(2m7  + 0) 


n=-oo 


2mr  + 0 


= u (t-2T)l) 


sin(2k  + l)j 


. 0 
sin 


, 2kT)l<t-2T«,<2(k+l)Til 


We  again  define 


= V(t)  , 2mT£<t<2(m+13T)l. 
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deriva- 


(5.11) 


(5.12) 


(5.13) 


(5.14) 


1 


From  (5.12)  and  (5.13)  we  then  have 


y(m)  sin(2m+l)-j  sinI2  (ra-l)+l]^ 

^2^0  sin  sin  j 

2 cos  i [(2m+l)y  + (2m-l)|]sin  j I(2m+l)|  - (2m-l)®] 

= ^ 

sin  j 

= 2 cos  m 0 , m>l  . (5,15) 


To  conform  with  our  previous  notation,  we  again  substitute  x = arccos  P 
= TT  - 6 to  obtain  from  (5.15)  our  final  expression: 


= Z I 
2 0’ 


= 2 (-1)"*  Z2  Iq  cos  mx  , m^l  . 


(5.16) 


5.3  Acceleration  of  a Recirculating  Beam 

We  now  analyze  the  situation  in  which  a cavity  is  charged  extern- 
ally to  a voltage  V^,  and  the  device  is  used  to  accelerate  a recircu- 
lating beam  pulse  of  length  2TZ  and  current  I.  For  the  voltage  at  the 
gap  due  to  the  switched  applied  voltage  we  have 


r(n>)  _ 


(-1)”  V 


• _ 2m+ 1 ■, 
sin(— = — )x 


sin  j 


(3.29) 


where  m counts  the  intervals  of  2T<.  which  have  elapsed  since  the  closing 
of  the  switches.  For  the  voltage  at  the  gap  due  to  a single  passage  of 
the  beam  pulse,  which  opposes  the  impressed  voltage,  we  have 


= (-1)^  2Z_  1 cos  kx  , k > 1 , 

D Z 


(5.16) 
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where  k counts  the  intervals  of  271  which  have  elapsed  since  the  beam 
arrived  at  the  gap.  We  wish  to  choose  an  impedance  ratio  which  results 
in  a repeating  open-circuit  output  pattern,  so  that  according  to  the  re- 


sults of  Section  3.2  we  must  have  x = ^ tt,  p and  q integers.  If  p and 

q have  no  common  factors,  the  pattern  repeats  every  2qT)l  if  p and  q are 
both  odd, and  every  4qTll  otherwise. 


Assume  that  the  beam  pulse  passes  the  gap  for  the  first  time  dur- 
ing the  interval  2nTi.<t<2(n+l)Til,  where  t is  measured  from  the  time  the 
internal  cavity  switches  are  closed,  and  every  2jqTil  thereafter,  where 
j is  an  integer  and  must  be  even  if  p and  q are  not  both  odd.  Then  the 
accelerating  voltage  during  the  first  pass  is 


r2n+l,  £ 

J a 


v(") . (-1)"  f — 


- Zj  I . vf  > - Z^  I 


(5.17) 


Between  the  first  and  second  pass,  2(n+l)TA<t<2(n+jq)T)l,  we  have 


- (-!)*'  2Z2  I cos  , 1 < k < jq  - 1 . 


(5.18) 


The  second  time  the  beam  is  sent  through  we  get,  since  , 

v(n+jq)  ^ y(n)  _ 2z^  I cos  jpTr  - Z2  I . (5.19) 


Similarly,  for  the  third  time  through  the  accelerating  voltage  is 


v(n+2jq)  _ y(n)  _ (_i)2jq  22  i cos  2jpTi 
g A 2 

- (-l)^^'  2Z2  I cos  jpiT  - Z2  I 


The  s^^  time  through  we  get 

V(n>(s-l)jq)  ^ y(n)  _ j ^.^^rjq  22  I cos  rjpiT  , s>l  . 

g ^ ^ T=1  ^ 

Now,  if  j is  even,  (-1)*^^*^  = + 1,  cos  rjpiT  = + 1,  and  we  have 
s-1 

I (-1)’^^^  2Z2  I cos  rjpx  = 2(s  - 1)  Z2  I . 
r»l 


(5.20) 


(5.21) 


(5.22) 
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If  j is  odd,  then  so  are  p and  q.  Then  = (-1)’^  and  cos  rjpir  = 

j* 

(-1)  so  that  the  sum  again  has  the  value  (5  .22).  Hence  we  have  for 
(5.21) 


y(n+(s  - l)jq)  ^ Z-  I (2s  - 1)  . 

g A 2 ^ 


(5.23) 


Suppose  the  beam  pulse  is  to  be  circulated  through  the  accelerator 
a total  of  K times.  The  energy  gained  will  be 


E„  = I ■ ^2  ^ ^ " 


2Tt  I K (V^  - K Z2  I)  . 


(5.24) 


The  energy  stored  initially  is 


1 2 ^1*^2 

E = 4 T«.V„  - ■ 

s 2 0 Zj^  Z2 


Taking  the  ratio  of  (5.24)  to  (5.25)  we  have 


4 I K - < Z2  l) 

^ " ”v2“(Z  ^ ) • 

° -zV" 

^1^2 

Sg 

To  maximize  the  efficiency  we  first  set  jj  = 0 


(5.25) 


(5.26) 


(5.27) 


That  is,  the  matched  current  in  the  recirculating  case  is  — times  the 

matched  current  in  the  single-pass  case,  where  ic  is  the  number  of  times 
the  beam  circulates  through  the  accelerator.  To  determine  the  conditions 
for  unit  efficiency  we  substitute  (5.27)  into  (5.26)  and  set  e * 1,  giv- 
ing 

v(n)  V (n)  ^2 

4 ^ V = V2  -i-2  • 

V,  2 ' A 2 ' 0 , : 

2ic  Z2  “2 
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Recognizing  that 


'1  _ 1-p 


we  have 


± V.  /-K' 


0 • 

sin  s 


(5.28) 


Putting  in  the  explicit  form  of  which  we  required  to  get  a repeating 
voltage  pattern  gives  ’ 


(-1)"  V, 


,2n+l.,  p IT 
sin  (-^)  g- 


= + 


sin 


El 

q 2 


p ir 
sin  ^ ■=■ 

q 2 


which  implies 


(2n  + 1)  p = q (2)1  + 1)  , 


where  1 is  any  integer.  Hence  we  have 


X 


22-t-l 

2n+l 


)l  = 0.  1,  2 


n-1  , (5.29) 


where  n designates  the  interval  during  which  the  beam  is  first  circu- 
lated past  the  gap.  In  the  unit  efficiency  case  the  total  voltage 
through  which  the  beam  is  accelerated  is  obtained  by  summing  (5.23), 
which  gives 


K 

2 


(5.30) 


The  beam  pulse  gains  a decreasing  amount  of  energy  each  time  it  passes 

v(n) 

’a 

the  gap,  the  gap  voltage  decreasing  — each  time  and  going  to  zero 

after  k passes.  If  the  beam  were  to  continue  to  be  recirculated  it 
would  of  course  lose  energy  to  the  cavity. 

These  results  are  surprisingly  simple.  The  particles  in  the 
matched  low-current  beam  which  circulates  through  the  accelerator  k 
times  gain  ic  times  as  much  energy  as  would  the  particles  in  a matched 
high-current  beam  which  passes  the  gap  only  once.  There  are,  of  course. 


46 


1/ic  times  as  many  particles  in  the  low-cu'  rent  beam  as  in  the  high- 
current  beam.  The  conditions  for  unit  efficiency  are  the  same  in  the  two 

2t+l 

cases:  make  p = cos  JUid  accelerate  the  beam  pulse  during  those 

intervals  of  length  2Tt  starting  at  t = 2nT2.  and/or  any  multiple  of 
2(2n+l)2Tt  thereafter,  the  "and"  referring  to  the  recirculating  case, 
the  "or"  to  the  single-pass  case.  We  note  additionally  that  the  gap  re- 
ferred to  could  be  a multi-gap  accelerator  through  which  the  beam  circu- 
lates. As  was  pointed  out  earlier,  these  results  were  obtained  under  the 
assumption  of  ideal,  lossless  lines  and  switches,  we  have  treated  only 
the  principal  mode  in  the  lines,  and  we  have  ignored  complications  arising 
from  the  cavity  region  which  couples  the  two  lines  together. 

As  a simple  numerical  example,  suppose  that  a cavity  is  designed 

with  P = 2Tt  = 10  ns,  Vq  » 1 MV,  and  Z2  = 50  fi.  Then  the  open-circuH 

output  voltage  pattern  will  be  as  shown  in  Figure  6b.  A 20-kA,  10-ns 
beam  pulse  will  be  accelerated  through  1 MV  by  passing  it  through  the 
cavity  during  the  10-ns  period  beginning  at  10  ns  (or  40  ns,  or  70  ns,...) 
after  the  closing  of  the  internal  cavity  switches,  and  all  the  stored 
energy  will  be  transferred  to  the  beam.  In  a recirculating  mode  we  can 
circulate  a 2-kA,  lO-ns  beam  pulse  through  the  cavity  10  times  at  intervals 
of  30  ns  (or  60  ns,  or  90  ns,  ...)  starting  at  t = 10  ns  (or  40  ns,  or  70 
ns,  ...),  resulting  in  a total  acceleration  through  10  MV,  and  again  all 
the  stored  energy  will  be  transferred  to  the  beam.  Since  the  accelerat- 
ing voltage  decreases  with  each  pass,  75%  of  the  total  acceleration  is 
achieved  after  5 passes. 


We  now  record  the  behavior  of  the  output  voltage  between  beam  passes, 
since  this  could  be  important  for  identifying  voltage  excursions  which 

cause  breakdown.  As  before,  we  have  x = ^ n,  where  p and  q are  integers 

9 th 

with  no  common  factors.  Then  during  the  period  between  the  s and  the 

(s+1)^  passes  at  time  t between  2Tt(n+(s-l) jq+k)  and  2Tt(n+(s-l) jq+k+1) , 
where  l^k<Jq-l,  we  find 


y(n+(s-l)jq+k) 


„(n+k) 

^(n+k) 


s-1 


- 2Z-  I y (-1)“^^^**^  cos  (rajq+k)  E.  ^ 

^ m=0 

- 2Z-  I y (.1)™^*^^*^  cos  mjpn  cos  k E. 

m=0 

-(-1)’'  2Z-  Is  cos  k 2.  „ . 

2 q 


(5.31) 
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In  particular,  for  the  unit  efficiency  case  we  have  q = 2n+l  and  p odd, 
say  p = 2r+l.  Then  (5.31)  becomes 


y(n+{s-l) j (2n+l)+k)  ^ 


= vf*'')  - (-1)“  cos 


(5.32) 


But 


yCn+k) 


(-1) 


n+k 


,2n+l 

sin  (^5 — + 


k) 


sin 


2r-t-l  £ 
2n+l  2 


2r+l 
2n+l  ^ 


= (-1) 


n+k 


(-l)’^  cos 


k 


2r+l 

2n+l 


sin 


2r+l  £ 
2n+l  2 


(5.33) 


Using  (5.33)  and  (5.27)  in  (5.32)  results  in 


y(n+  (s-l)j(2n+l)+k) 


(-1)“*''*'  V„ 


cos 


sin 


2r+l  TT 
2n+l  2 


2r+ 

2n+l 


IT 


[1 


(5.34) 


Clearly  the  voltage  given  by  (5.34)  is  identically  zero  after  k passes, 
when  all  the  stored  energy  has  been  delivered  to  the  beam. 


It  is  of  some  interest  to  note  that  the  recirculating  accelerator 
described  here  affords  the  possibility  of  a quite  high  accelerating  grad- 
ient for  relatively  low-current  beams.  It  is  possible  to  show  that  a 
single-pass  accelerator  designed  to  accelerate  a high-current  beam  with 
given  efficiency  will  always  exhibit  a higher  accelerating  gradient  than 
a single-pass  accelerator  designed  for  the  same  efficiency  at  a lower 
current.  Furthermore,  as  shown  above,  if  a beam  of  current  1^  is  circu- 
lated K times  through  a machine  designed  to  accelerate  a current  I = ic  1^ 

through  a voltage  V,  the  lower-current  beam  will  be  accelerated  through 
a voltage  kV.  In  the  recirculating  case  one  thus  increases  the  acceler- 
ating gradient  through  two  effects:  the  recirculation  of  the  beam  and 
the  use  of  design  parameters  appropriate  to  a higher  current  than  that 
to  be  accelerated.  The  accelerating  gradient  in  a recirculating  accel- 
erator is  therefore  more  than  a factor  of  k greater  than  in  a single-pass 
machine  designed  for  the  same  current  and  efficiency;  for  some  designs, 
in  fact,  this  gain  in  accelerating  gradient  approaches  a factor  of  k^. 

The  details  of  the  analysis  leaning  to  these  conclusions  will  be  published 
in  a separate  report. 


48 


6.  SUMMARY 


We  have  shown  that,  under  the  assumptions  of  ideal,  lossless  lines 
and  switches,  and  within  the  approximations  of  a principal-mode  analysis, 
a transmission-line  accelerator  using  asymmetric  line  pairs  can  be  de- 
signed which  will  accelerate  a constant- current  beam  pulse  of  length  21*. 
through  a constant  voltage  with  a theoretical  efficiency  of  unity.  Fur- 
thermore, we  have  demonstrated  that  the  accelerating  voltage  in  this  case 
is  always  greater  than  half  the  charging  voltage  applied  to  the  lines. 

We  have  demonstrated  that,  while  periods  of  time  of  length  4T*  exist  for 
which  the  magnitude  of  the  open-circuit  output  voltage  remains  constant 
at  Vq,  a constant-current  beam  pulse  of  length  4T*  will  not  experience  a 

constant  accelerating  voltage  for  its  full  duration.  In  addition,  we 
have  shown  that  a lower-current  beam  pulse  can  be  circulated  through 
the  accelerator  several  times  resulting  in  a total  accelerating  voltage 
several  times  that  of  the  single-pass  case,  and  that  in  this  case  also 
total  transfer  of  the  stored  energy  to  the  beam  pulse  can  be  achieved. 
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APPENDIX 


We  here  present  for  the  open-circuit  case  an  alternative  derivation 
of  the  time-dependent  output  voltage.  While  somewhat  lengthier  than  the 
derivation  given  in  Section  3.2,  it  has  the  heuristic  advantage  of  ex- 
plicitly demonstrating  that  the  voltage  periods  of  length  2T*,  are  due  to 
the  step-function  character  caused  by  repeated  reflections  in  the  trans- 
mission lines.  We  start  with  (3.19): 


1 


-2 
+ e 


(H-P)  E e 
-4sn  ^ 2 


-2sTil 

-IsTl 
P e 


(A.l) 


From  the  binomial  theorem  for  negative  integral  exponents,  we  obtain  for 
(A.l) 

V,  = -2  (1  + p)  E e 2,  (-1)  C®  + 2pe  ) . (A. 2) 

n=0 

We  further  expand  the  summand  in  (A. 2): 

V = -2(1  + p)  F I (-1)"  I 

n=0  k=0 


-2sTJl  r , ..n  r ,k  /n\  -(4n  - 2k)sT£ 

2(1  + p)E  e I (-1)  I (2p)  (k)  e '• 

n=0  k=0 


e-4(n  ' ’')sT£^2p)’' 


Using  (3.4),  (3.5),  and  (A. 3)  we  obtain  for  the  transformed  output  voltage 


_ , -2sTJl  « 

V . A - 2 (1  . P)V(|  2-^ 


I (-1)"  I (2p)Y() 

n=0  k=0 


k''n\  -(4n  - 2k)sTt 


. (A. 4) 


Taking  the  inverse  transform  of  (A. 4)  we  obtain  the  output  voltage 
as  a function  of  time: 


® n , 

V(t)  = V-  U(t)-2(1  + P)V-  I (-1)"  I (i;)(2p)  u[t  - 2(2n  - k + l)Tt] . (A. 5) 

” n=0  k=0 
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We  note  that  the  output  voltage  is  a series  of  step  functions,  and  that 
the  value  changes  every  2TJI.  In  particular,  we  see  that  for  any  t,  the 
summand  is  identically  zero  for  values  of  n and  k such  that 
2(2n  - k + 1)  TJl>t.  We  therefore  define 


= V(t)  , 2mT)l<t<2(m  + 1)T4 


(A.  6) 


We  now  make  the  substitution  i = 2n-k  and  replace  the  sum  on  n with  a 

sum  on  i.  We  see  from  the  above  that  = V . and  for  any  value  of 

0 

m>0,  i is  summed  from  0 to  m-1.  To  obtain  the  new  limits  on  k we  note 
the  following  correspondence: 


n k i 

0 0 0 

1 0 2 

1 1 

2 0 4 

1 3 

2 2 

3 0 6 

1 5 

2 4 

3 3 

4 0 8 

1 7 

2 6 

3 5 

4 4 


We  see  that  for  i even,  k is  summed  from  zero  to  i in  steps  of  2,  and 
for  i odd,  k is  summed  from  1 to  i in  steps  of  2.  We  therefore  substi- 
tute k = 2j  when  i is  even  and  k = 2j  ♦ 1 when  i is  odd.  Making  these 
substitutions  and  using  the  definition  of  u(t),  we  obtain 


V 
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- 2(1  + P)V  I I (-1)  2(2) 

i=0  j=0  l2j 

i even  ' 


i-1 

m-1  2 i+2j+l 

^ I I (-1)  2 

i=0  j=0 

i odd 


i^2j-l 

2 

2j  + l 


(2p)^^‘^^  I , ra>0 


(A.  7) 


Putting  i = 2n  in  the  first  sum  and  i = 2n  + 1 in  the  second  sum  gives 


r(“)  _ 


,1=^1 


2 ■'  n 


= Vq  - 2 (1  . p)V,  I U-1) 


n+j  /n+j 


n=0  j=0 


[— ] - 1 

n=0  j=0  \ J / 


m>0  , 


(A.  8) 


where  the  square  brackets  denote  "largest  integer  contained  in."  Inter- 
changing the  order  of  summation  results  in 

j2zi]  [Eli] 

= Vq  - 2 (1  + p)Vq  I I 

j=0  n=j  \ J / 


Ij]-1  [f]-l  , V 

Making  the  substitution  i = n-j  yields 

( ,m-l,  rin-li  • 

U-ri 


vl">  = V„  - 2 (I  ♦ „)Vj|  (-1)^"* 

lfl-1  s-l-j 

• I I (.1)^^""  (2p)«"  . „>0  . 

j»0  i=0  ^ ' 


(A.  93 


(A. 10) 
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To  recombine  these  into  a single  sum  we  put  2j  = k in  the  first  sum, 

k 
2 


in  the 

second  sum: 

l2[^]  [^] 

= ^0  - 

2 (1  + P)V  1 1 

^1  k=0  i=0 

( k even 

.m,  k+1 

^[jl 

2^”  2 , • i,\ 

- 1 

I h") 

k=0 

i=0  \ ' 

(-1) 


(*;“)  C2n|'‘ 


(2p)  , m>0  . 


(A. 11) 


k odd 


We  note  that  if  m is  odd  (even)  the  first  sura  goes  to  m-1  (ra-2)  and  the 
second  sum  to  m-2  (m-1).  We  can  therefore  combine  the  sums,  and  we  ob- 
tain a power  series  in  2p  for  the  open- circuit  output  voltage: 


,(0)  _ 


= V - 2 

V ''O  ^ 


,(m) 


■.m-k-l, 

I 2 J 


(1  + p)V„  (-I)*"  (2p)^  I (-1)^  m>0  . (A.  12) 

“ k=0  i=0  \ / 


Values  of  V'-'"''  for  m = 0,  1,  ....  6 are  given  in  Table  AI. 

TABLE  AI.  EXPRESSIONS  FOR  OPEN  CIRCUIT  VOLTAGE  ON  AN  ASSYMETRIC  LINE 


= V 

0 

V^^^  = -Vq  (1  + 2p) 
v(2)  = _v^  (1  - 2p  - 4p2) 


,(3) 
r(4)  ^ 
,(5)  ^ 
,(6)  _ 


Vq  (1  + 4p  - 4p^  - 8p^) 

Vq  (1  - 4p  - 12p^  + 8p^  + lep"*) 

-V„  (1  + 6p  - 12p^  - 32p^  + Ibp'^  + 32p^) 


'0 

-Vq  (1  - 6p  - 24p^  + 32p^  + 80p''  - 32p^  - 64p^) 


S6 


To  reduce  (A. 12)  to  the  closed-form  expression  (3.29),  we  first  in- 
terchange the  order  of  summation  to  obtain 


rSzi-i 

2 J m-(2i+l)  Kv  , 

vW  . V„  - 2V„  (l.p)  I I C-l)'"'  ("(M  (2p)'<  . 

i=0  lc=0  ^ 

We  now  put  n = k+2i+l,  and  replace  the  sum  over  k with  a sum  over  n: 


(A.  13) 


= V - 2V 
V 0 0 


(l*p)  I I (-l)”"'"*  ("■?■')  (2p)"'^*‘'  . (A. 14) 

i=0  n=2i+l  \ ^ ' 


Once  more  reversing  the  order  of  summation  we  get 

- \r  _ ■nt  \ \ r ii^-i-l  ^n-i-1^ 


m 2 ■* 

= Vq  - 2Vq  (Up)  I I (-1) 
n=l  i=0 


(2p) 


n-2i-l 


(A. 15) 


We  now  define  x = arccos  p,  as  in  the  main  text.  From  Reference  A-1  we 
find 


sin  nx  = sin  x \ (-l)’^  (2  cos  x)""^^'^ 

i=0  \ 1 / 


(A. 16) 


Using  (A. 16)  in  (A. 15)  yields 


r(">)  - 


= V„  - 2V_  ilicosj^  ^ n 

0 0 sin  X L J 


sin  nx 


(A. 17) 


n=l 


A 2 

This  sum  can  be  explicitly  evaluated  as''” 

y (-l)n  in  nx  = -sin  x (-l)”'lsin  mx  sin  (m-*-l)x] 
n=i  2 (1  + cos  X) 


(A. 18) 


We  therefore  have 


^ ^V.  ManguliSt 
Press,  Ino., 

^~^V.  Mangulis, 
Press,  Ino., 


"Handbook  of  Series  for  Scientists  and  Engineers, " Academic 
New  York,  2966,  p.  26. 

"Handbook  of  Series  for  Scientists  and  Engineers,  " Academic 
New  York,  2965,  p.  204. 
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= V - V + V f-n®  sin  m X * sin  (m^l)  x 
'^0  0 0 ''  sliTx 


(-1)”  V, 


- ,2ni-<-lx  X 

2 sxn  (-^ — X cos  y 

2 sin  j cos  j 


and 


= (-1)“  V, 


sin  (^)  X 
sin  j 


, «>0  , 


= V 


0 • 


This  reproduces  (3.29),  as  required. 


(A. 19) 
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